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Abstract

The streaming potential is generated by the electrokinetic flow effect within the electrical double layer of a charged solid surf
face charge properties are commonly quantified in terms of the zeta potential obtained by computation with the Helmholtz–Smo
(H–S) equation following experimental measurement of streaming potential. In order to estimate a rigorous zeta potential for co
microchannel, the correct H–S equation is derived by applying the Debye–Hückel approximation and the fluid velocity of diverging
the specified position. The present computation provides a correction ratio relative to the H–S equation for straight cylindrical ch
enables us to interpret the effects of the channel geometry and the electrostatic interaction. The correction ratio decreases with in
diverging angle, which implies that smaller zeta potential is generated for larger diverging angle. The increase of Debye length als
the correction ratio due to the overlapping of the Debye length inside of the channel. It is evident that as the diverging angle of th
goes to nearly zero, the correction ratio converges to the previous results for straight cylindrical channel.
 2003 Elsevier Inc. All rights reserved.
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1. Introduction

When the ionized fluid is forced to flow through a charg
microchannel under the pressure gradient, the counte
in the diffuse layer of the electric double layer are carr
toward the downstream end. As a result, the streaming
rent is induced in the pressure-driven flow direction, and
electrokinetic streaming potential is generated. The stre
ing potential also acts to build up the conduction curren
the direction opposite to the streaming current. In a ste
Poiseuille flow through a capillary channel, a relation
tween the ratio of streaming potential difference�E to pres-
sure gradient�P and the zeta potentialζ is described by the
well-known Helmholtz–Smoluchowski (H–S) equation
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as

(1)
�E

�P
= εζ

µ
(
λ0 + λs

R

) ,
whereλ0 is the electrolyte conductivity,λs the specific sur
face conductivity,ε the dielectric constant,µ the viscosity
of electrolyte solution, andR the capillary radius. Suppos
that the dielectric constant of the liquid phase is much la
than that in the solid phase.

Earlier studies have been performed to examine the e
trokinetic flow in capillaries, where the H–S equation h
been derived under the condition that the Debye len
κ−1 is small compared to the capillary radiusR. Rice and
Whitehead [2] presented the effect of the surface po
tial on fluid transport through narrow cylindrical capilla
where the Debye–Hückel (D–H) approximation was
plied for arbitrary values ofκR. Extending this approach
Levine et al. [3] addressed the analytical solutions of
Poisson–Boltzmann (P–B) equation for symmetric mo
valent electrolytes with a wide range of surface pot

http://www.elsevier.com/locate/jcis


M.-S. Chun et al. / Journal of Colloid and Interface Science 266 (2003) 120–126 121

e re
ran
ith

po
ine

r a
tic
en

nd-
is

eta
am-
n-
tive
er-

ant
ply

cal
is
ans
ion
tial.

be-
of
di-

red
han-
c-
nd
i-

le,
truc

ture
sed
ed
of

e (or
ced

ore
ua-
yer
pec

lied
igor-
is
lec-
–H

ec-
ls
e-

H–S
ical

mi-
lage of

de-
olar
. 1,
an-

rical
e

of

w
ped
nes
al-
be

bi-
tion
he
the

all.

a
the
tials. Since the late 1980s, numerous membrane scienc
searchers have investigated the determination of memb
electrokinetic properties utilizing the H–S equation, w
the results being expressed in terms of membrane zeta
tential [4–10]. Based on the previous approach of Lev
et al. [3], a solution of the nonlinear P–B equation fo
cylindrical pore coupled with a solution for electrokine
effects for symmetric electrolytes was computed by Bow
and Cao [11]. Their result of the correction factor depe
ing on theκR shows that the use of classical analysis
likely to lead to substantial underestimation of the true z
potential. Szymczyk et al. [12] established a global stre
ing potential formula for two-layer asymmetric pore co
sisting of skin and support layer, and evaluated the rela
contribution of each layer upon the electrokinetic prop
ties.

It should be recognized that, in most of the relev
studies, the zeta potential has been determined by ap
ing the H–S equation derived from the straight cylindri
channel. The fact that the electrokinetic flow property
changed by the variations of the geometry of channel me
a requirement for the derivation of correct H–S equat
so as to estimate a more rigorous value of zeta poten
However, this problem is nontrivial and the analysis
comes much more difficult [13,14]. The flow geometry
practical interest considered in the present study is the
vergent channel. This geometry is frequently encounte
many microsystems, such as several kinds of narrow c
nels formed in the microfluidic devices, microcapillary ele
trophoresis, and microbiochips [15,16]. Both diverging a
converging flows are efficiently applied to drive the m
croscale flow control. Although it is not readily availab
the cone-shaped channel can also be found in the pore s
ture of membranes or filters. For example, the struc
of anodized anisotropic aluminum membrane that is u
in ultrafiltration and microfiltration exhibits a cone-shap
divergent channel. In this, the topological observations
anisotropic membrane pores display a character of por
void) size gradients; the membrane anisotropy is produ
by a controlled variation of current density during the p
growth [17]. The pores in the top skin layer and the q
sicircular void in the bottom surface of the support la
correspond to an inlet and an outlet of the channels, res
tively.

In the present study, the correct H–S equation app
for the cone-shaped channel is developed to obtain a r
ous zeta potential. The velocity field with diverging flow
analyzed by using the streaming function, and then the e
trostatic potential is favorably considered based on the D
approximation. We investigate the variation of the corr
tion to the original H–S equation for cylindrical channe
with various diverging angles as well as the relative D
bye lengths. The present study extends the classical
principle to a cone-shaped microchannel with the pract
motivation.
-
e

-

-

-

-

Fig. 1. Schematic illustration of diverging flow through a cone-shaped
crochannel, where the cone geometry is approximated as an assemb
finite number of straight unit cylinders with radiusRj for the calculation of
streaming current.

2. Diverging flow through a cone-shaped microchannel

We begin by considering the flow geometry that is
picted in Fig. 1. For convenience, we take the spherical p
coordinates for steady state, fully developed flow. In Fig
α indicates the diverging angle of cone-shaped microch
nel, and both radial distance and polar angle in sphe
coordinates are noted asr and θ , respectively. Due to th
axisymmetry of the geometry, the velocity profilev and the
pressureP in diverging flow can be obtained by the use
stream function defined in cone-shaped geometry [18].

The velocity profile of the axisymmetric creeping flo
is independent of the azimuthal angle in the cone-sha
microchannel. The streamlines are obviously straight li
radiating from the vertex of the cone and given by the v
uesθ = constant. Therefore, the stream function must
independent ofr (i.e., Φ = Φ(θ)), that is equivalent to
vϕ = vθ = 0. Applying the Gegenbauer functions in com
nation with Legendre functions provides the general solu
for the stream function in spherical coordinates [19]. T
stream function is zero along the axis of the channel and
no-slip boundary condition is required at the channel w
Given volumetric flow rate through the channel in thez di-
rection,q , the radial velocity is obtained as

(2)v(r, θ)= vr = 3q

2πr2

cos2 θ − cos2α

(1+ 2 cosα)(1 − cosα)2
.

Sinceq = π(r sinα)2〈vr 〉, Eq. (2) becomes

(3)vr = 〈vr 〉3 sin2α

2

cos2 θ − cos2α

(1+ 2 cosα)(1 − cosα)2
.

As the diverging angleα goes to zero, Eq. (3) converges to
Poiseuille flow pattern. At any point in the channel space,
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Fig. 2. The variation of the dimensionless radial velocity profile in
cone-shaped channel with different diverging anglesα.

cylindrical coordinates can be generated from the relat
asr2 = r ′2 + z2 and cos2 θ = z2/r2. Let us take the radiu
of the cone-shaped microchannel asRj at an arbitrary axia
point of z= zj , thenzj =Rj/ tanα.

Figure 2 shows that the dimensionless radial velocity
creases with the increase of diverging angle. This is
to the fact that the cross-sectional area of the chann
increased, as the diverging angle increases. The velocity
files forα less than 0.25 rad are almost the same. Note
r2vr is a function only ofθ , and the diverging flow rate from
the vertex leads to

(4)q =
2π∫
0

α∫
0

r2vr sinθ dθ dϕ = 2πr2vr(1− cosα).

Taking the average velocity〈vr 〉 into Eq. (4), a normalized
flow function can be reasonably defined as 2(vr/〈vr 〉)(1 −
cosα)/sin2α. Figure 3 shows that the flow function in
creases in the center region of the channel with the incr
of the diverging angle. In the wall region of the channel
contrast, the flow function decreases with the increase o
diverging angle. Estimating from the potential distributi
and velocity profile, the streaming current at the exit of
channel is much smaller than that in the entrance reg
Hence, it is obvious that the streaming current induce
the pressure-driven flow direction is almost developed a
entrance of the channel.

3. Electrostatic field and electrokinetic analysis

In order to consider the streaming current generate
the flow of the ions in electrolyte solution, both the electri
potential distribution and the charge density should be e
-

Fig. 3. The variation of the dimensionless flow function in a cone-sha
channel with different diverging anglesα.

uated. The electrical potential distribution based on elec
double layer theory is represented by the Debye length [
If the Debye length is the same as or larger than the hydra
radius of the microchannel, further consideration should
given to the situation of Debye length overlap and compl
tion of the electrostatic potential distribution in a microch
nel.

3.1. Electrostatic field within a straight
cylindrical microchannel

We properly consider a cone-shaped microchannel a
assemblage of uniformly charged cylindrical microchann
as illustrated in Fig. 1. The electrostatic field in a unit strai
cylindrical microchannel can be readily solved, where
radius isRj and the electrostatic potential at the dielec
solid wall isζ . We begin with a Poisson equation relating
electrostatic potentialψ and the charge densityρe at every
point in the microchannel space. Assuming that the ion c
centration follows the Boltzmann distribution leads to
well-known nonlinear P–B equation.

A linearized version of this equation for low surface p
tential corresponds to the Debye–Hückel (D–H) approxi
tion, expressed as

(5)∇2ψ = κ2 sinh

(
Zkeψ

kBT

)
∼= κ2ψ for ψ � kBT

Zke
,

wherekB is the Boltzmann constant,T the absolute tempe
ature, ande the unit charge. With the concentrationnk and
the valenceZk of ion speciesk, the inverse Debye lengthκ is
given by(2nkZ2

ke
2/εkBT )

1/2 for symmetric 1:1 electrolyte
system. For aqueous solutions at 25◦C, the ionic concentra
tion of 1.0 mM corresponds to the Debye length of 9.7 n
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From Eq. (5), the electrostatic potentialψ in the cylin-
drical microchannel is determined with the boundary con
tions presented as

(6a)ψ = ζ at r =Rj ,

(6b)
∂ψ

∂r
= 0 atr = 0.

The electrostatic potential distribution is easily obtained

(7)ψ = ζ
I0(κr)

I0(κRj )
,

whereI0 is the modified Bessel function of the first kin
of zeroth order. From the Poisson equation, the net vol
charge density is then determined by

(8)ρe = −ε∇2ψ = −εζκ2 I0(κr)

I0(κRj )
.

Since small amounts of charge exist at the center of the
crochannel, the ion transport seems to occur mostly nea
microchannel wall.

3.2. Streaming current and conduction current in
a cone-shaped microchannel

Once the electrolyte solution is forced through a m
crochannel under a pressure difference, the counterion
the mobile part of the electrical double layer are carr
toward the downstream end. This causes the electric con
tion current (i.e., streaming current)Is to flow in the direc-
tion of the solution flow, and the accumulation of ions s
up an electric field with the streaming potential. This fie
causes the conduction currentIc to flow back in the opposite
direction. The net currentI , flowing in the axial direction of
the microchannel, is the summation of the streaming cur
and the conduction current. The conduction current eq
the streaming current at steady state; therefore, the net
rent should be zero as

(9)I ≡ Is + Ic = Is + Ic,w + Ic,b = 0,

whereIc,w is the conduction current through a microcha
nel wall andIc,b is the conduction current through the bu
solution of the microchannel.

The streaming currentIs generated by the flow of the un
balanced ions in the mobile double layer region is defi
by an integration of the multiplication of both the veloc
profile and the net charge density. For an arbitrary axial
sition ofzj with a unit volume of the cylinder, the streamin
current takes the form

(10)Is,zj ≡
∫

V, at z=zj
vρe dV,

where the unit cylinder atz = zj has a radius ofRj . The
axial velocity profile can be devised as follows:

vz = vr cosθ
-

-

= 3q

2π

1

(1+ 2 cosα)(1− cosα)2
z

(r ′2 + z2)3/2

(11)×
(

z2

r ′2 + z2 − cos2α

)
.

By substituting Eqs. (11) and (8) into Eq. (10), the cor
spondent streaming current is calculated as

(12)Is,zj =
Rj∫
0

2πr ′v(r ′, zj )ρe dr ′ = −3εζκ2qΓ,

where

Γ =
Rj∫
0

r ′

(1+ 2 cosα)(1− cosα)2
zj

(r ′2 + z2
j )

3/2

(13)×
(

z2
j

r ′2 + z2
j

− cos2α

)
I0(κr

′)
I0(κRj )

dr ′.

The average streaming current should be estimated
cause the streaming current varies with respect to the p
tions ofr ′ as well asz. The individual streaming currents
each positions of axial direction are calculated, which m
yield the following expression

(14)Is = 〈Is,zj 〉 = −3εζκ2q〈Γ 〉.
Although the electroosmotic flow induced by streaming
tential in the cone-shaped channel is possibly occurre
is not taken into account here to simplify the equation of
fluid motion. This assumption can be guaranteed for the
of lower surface potential (cf. D–H approximation) beca
the effect of electrostatic potential on the velocity profile
almost negligible.

As described above, the conduction current induced
the streaming potential difference�E consists of the bulk
conduction currentIc,b and the surface conduction curre
Ic,w [21]. The bulk conduction currentIc,b is calculated as
follows. In the cone-shaped microchannel, we can rea
ably consider a serially connected electrical resistance
is inversely proportional to the cross-sectional area of
unit cylinder. The resistance for the unit volume of cylind
with radius ofRj is thought of as an inverse quantity of t
product of the bulk conductivityλ0 per unit axial length and
the cross-sectional area of the cylinder, or(�z/λ0)(1/πR2

j ).
Therefore, the relationship between the bulk conduction
rent and the streaming potential difference can be writte

�E ≡
∑
j

�Ej

(15)= Ic,b
�z

λ0

Rf∑
Ri

1

πR2
j

≈ Ic,b

λ0

zf∫
zi

dzj

πR2
j

,

whereRi andRf are the inlet and outlet radii of the m
crochannel, respectively. Applying the relationship betw
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Rj andzj (i.e.,Rj = zj tanα) yields

(16)

zf∫
zi

dzj

πR2
j

= 1

π

zf − zi

zizf tan2α
.

Substituting Eq. (16) into Eq. (15) gives the bulk conduct
currentIc,b, written as

(17)Ic,b =�Eπλ0
zizf tan2α

zf − zi
.

Next, the surface conduction currentIc,w is given by

(18)Ic,w =�Eλs,cWa,

whereλs,c is the surface conductivity per unit area. T
surface area of the cone-shaped microchannelWa can be
provided as

Wa = π

{
Rf

√
R2
f +

(
zf + Ri

tanα

)2

(19)−Ri

√
R2
i +

(
Ri

tanα

)2
}
.

4. Helmholtz–Smoluchowski equation for
diverging flow

A substitution of Eqs. (14), (17), and (18) into Eq. (
gives the relation between the streaming current and the
duction current. However, the surface conduction cur
Ic,w , can be neglected, because the surface conductiv
quite smaller than the bulk conductivity of the electrol
solution (e.g., the value ofλs/λ0 is an order of 10−7 for
aqueous solution through the glass surface). Then, com
ing both Eqs. (14) and (17) yields

(20)
�E

q
= 3εζκ2

πλ0

(zf − zi)

zizf tan2α
〈Γ 〉.

The pressure gradient to the axial direction varies at e
position in the cone-shaped microchannel. Henceforth
pressure difference between the microchannel ends is c
lated on the basis of the pressure distribution equation g
as [18]

(21)P = P∞ − µq

πr3

1− 3 cos2 θ

(1+ 2 cosα)(1 − cosα)2
.

For the symmetric axis of the microchannel (i.e.,θ = 0), the
inlet and outlet pressures are given asP iθ=0 andPfθ=0, re-
spectively. The pressure difference at the symmetric ax
then expressed as

�Pθ=0 = P
f

θ=0 − P iθ=0

(22)= µq

π

(
1

r3 − 1

r3

)
2

(1+ 2 cosα)(1− cosα)2
,

f i
-

-

-

whereri andrf indicate the radial lengths at inlet and out
points, respectively.

From the calculation of Eq. (21), we know that the pr
sure difference at the symmetric axis is nearly equiva
to the average pressure difference between inlet and o
positions of the cone-shaped microchannel. Based on
emphasis, the average pressure difference can be cons
as the pressure difference at the symmetric axis,

(23)�P ≈�Pθ=0.

From Eq. (23), we can develop the relationship between
volumetric flow rate and the pressure difference in cylin
cal coordinates, so that

(24)q = π�P

2µ
q ′,

where

q ′ = (1− 2 cosα)(1 − cosα)2

(25)× [(z2
i + z2

i tan2α)(z2
f + z2

f tan2α)]3/2
(z2
i + z2

i tan2α)3/2 − (z2
f + z2

f tan2α)3/2
.

Substituting Eq. (24) into Eq. (20) finally gives the corr
H–S equation for cone-shaped channels, as

�E

�P
= εζ

µλ0

[
3κ2(zf − zi)q

′〈Γ 〉
2(zizf tan2α)

]

(26)= �E

�P

∣∣∣∣
H–S

[
3κ2(zf − zi)q

′〈Γ 〉
2(zizf tan2α)

]
.

Equation (26) allows us to understand that the effect
channel geometry as well as streaming current upon the
rect H–S equation are reflected in the correction ratio
(�E/�P)/(�E/�P)H–S. Both the diverging angle and th
channel length determine the geometric effect, wherea
Debye length is pertinent to the electrostatic property of
channel.

In the computation of Eq. (26), the number of unit cyl
ders should be chosen successfully. We found that
merical integration with 25 points is sufficient to yie
accurate results. Figure 4 shows that the correction
(�E/�P)/(�E/�P)H–Sdecreases with increasing diver
ing angle, from which the zeta potential of the cone-sha
divergent channel is evaluated as a smaller value comp
to a cylindrical channel. At a given diverging angle, the c
rection ratio decreases monotonically with a decreased
of channel inlet radius to Debye length, orκRi . This ten-
dency can be explained by the overlapping of Debye len
and a similar trend is found in the literature studied on
cylindrical channel. Figure 5 shows that, at the given va
of κRi , the correction ratio decreases as the channel le
zf increases. The radius of channel outlet increases ac
ing to the increase of channel length, which results i
decreased axial velocity due to a diverging flow effect.
a result, the zeta potential of the channel becomes smal

As shown in Fig. 6, as the diverging angle approac
zero, the correction ratio estimated from the correct H



M.-S. Chun et al. / Journal of Colloid and Interface Science 266 (2003) 120–126 125

ight
[2]
in-

s de
al
f the
geo

ld be
at
pli-
oki-

n,

is a

ped
cor-

n, it
an-
the
e of
ans
e in-
was

ebye
the

sly
nel;
an-
unt
at-

l.

und
and
Fig. 4. The variation of the correction ratio at variousκRi as a function of
the diverging angleα.

Fig. 5. The variation of the correction ratio at variouszf /Ri as a function
of the diverging angleα.

equation converges asymptotically to those of the stra
cylindrical channel considered by Rice and Whitehead
as well as Bowen and Cao [11]. As the diverging angle
creases, the correction ratio evidently decreases and it
pendency onκRi deviates from the case of the cylindric
channel. Figure 6 shows that, once the zeta potential o
cone-shaped channel needs to be estimated, both the
metric parameters and the electrostatic properties shou
considered carefully. Finally, it is worth pointing out th
experimental results can be provided to illustrate the im
cation of the present correct H–S equation for the electr
-

-

Fig. 6. The variation of the correction ratio at various diverging anglesα as
a function ofκRi . The previous result [2] is also provided for compariso
with the parameterβ (= ε2ψ2

s κ
2/16π2µλ0) taken as 0.225.

netic characterization of relevant microchannels, which
good subject of further study.

5. Conclusions

In this study, electrokinetic effects in the cone-sha
divergent channel were analyzed, and the corresponding
rect H–S equation was derived. From this H–S equatio
can be inferred that both the geometry of the divergent ch
nel and the Debye length affect the determination of
electrokinetic zeta potential. We found that the increas
diverging angle reduces the correction ratio, which me
smaller zeta potential is generated as the diverging angl
creases in the cone-shaped channel. The correction ratio
also decreased with decreasing dimensionless inverse D
length, due to the overlapping of the Debye length inside
channel.

The correct H–S equation agrees well with the previou
proposed result derived from the straight cylindrical chan
however, a growth of deviation is shown as the diverging
gle increases. Obviously, it is important to take into acco
the effects of the geometry and the Debye length in estim
ing a rigorous zeta potential of the cone-shaped channe
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Appendix A. Nomenclature

E streaming potential (V)
e elementary charge (Coul)
Ic,b conduction current flowing through the electroly

solution in the channel (Amp)
Ic,w conduction current flowing through the chann

wall (Amp)
Is streaming current (Amp)
I0 modified Bessel function of the first kind of zero

order (–)
kB Boltzmann constant (J/K)
nk concentration of ion speciesk (mol/m3)
P pressure (N/m2)
q volumetric flow rate flowing through the con

shaped microchannel (m3/s)
q ′ factor defined in Eq. (25) (–)
R channel radius (m)
r radial coordinate in spherical coordinates (–)
r ′ radial coordinate in cylindrical coordinates (–)
T absolute temperature (K)
V unit volume (m3)
v fluid velocity (m/s)
Wa surface area of channel wall (m2)
Zk valence of ion speciesk (–)
z axial coordinate in cylindrical coordinates (–)

Greek symbols

α diverging angle (deg)
Γ factor defined in Eq. (13) (–)
ε dielectric constant (Coul/V m)
ζ zeta potential (V)
θ polar angle (deg)
κ inverse Debye length (1/m)
λ0 electrolyte conductivity (1//m)
λs specific surface conductivity (S)
λs,c surface conductivity per channel area (1//m2)
µ viscosity of electrolyte solution (kg/m s)
ρe net volume charge density (Coul/m3)
Φ stream function (–)
ϕ azimuthal angle (deg)
ψ electrostatic potential (V)

Subscripts

f channel outlet
i channel inlet
j arbitrary unit channel
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